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Abstract 

We give two congruence properties of Hermitian modular forms of degree 2 over Q(v'— 1) 
t""~~ I and Q(\/— 3). The one is a congruence criterion for Hermitian modular forms which is general- 
ization of Sturm's theorem. Another is the well-definedness of the p-adic weight for Hermitian 
modular forms. 

Z ■ 1 Introduction and Results 

'^ • 1.1 Congruence criterion 

Sturm jl6) studied congruence properties of elliptic modular forms. In |16| . the number of co- 
efficients which are required to check the coincidence modulo a prime of two modular forms is 
determined. In 1 , Choi and Choie studied the analog of Sturm's theorem for Jacobi forms. Choi 
^ ' and Choie [3, Poor and Yuen [T3] and the author [5] have independently obtained some general- 

C^ I izations of Sturm's theorem in the case of Siegel modular forms of degree 2. The first aim of this 

0^ ■ paper is to generalize Sturm's theorem to the case of Hermitian modular forms of degree 2. 

^^ I We state our results more precisely. Let K be the imaginary quadratic number field Q(-\/— T) 

• ' or Q(-\/— 3), Ok the ring of integers in K, (Ik the discriminant of K and U2{Ok) the Hermitian 

^^ [ modular group of degree 2 defined as 

o 






U2{Ok) := {M e MiiOK 
We take a character i^^ on 1/2(0 k) as 
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For a subring i? C C, we denote by Mj^^' {U2{Ok), i^k)R the space of symmetric Hermitian modular 
forms of weight k with character i^k whose all Fourier coefficients belong to R. We define A2{K) 
as 

A2(K) := {H = (%) e Her2{K) \ h,, G Z, ^/d^h.j e Ok }, 

where Her2{K) is the set of all Hermitian matrices of size 2 whose all components are in K. 
For / e Mk{U2{OK),t^k)c, then we write / — ^H'^f(^)l^ *^^ Fourier expansion of /, where 
q^ := e27ritr(_ff z) ^ ^ jg g^j-^ element of the Hermitian upper-half space of degree 2, H runs over 
all elements of semi-positive definite of A2{K). Let p be a prime and Z(p') the local ring of all 
p-integral rational numbers. We have the following theorem. 

Theorem 1.1. Let k be an even integer, p a prime with p > 5. In the case K = Q(V— 1) (resp. 

K = Q(\/— 3)), if / e Mif'{U2{OK),'^k)z^p-, satisfies that a/ 1 1 _ I I — mod p for all to, n, a 



with < m < (5fc + 8)/40, < n < (15A: + 4)/120, mn-N{a) > (resp. with < m < (5fc + 9)/45, 
< n < (lOfc + 3)/90, mn - N{a) > 0), then we have / = mod p. 

Remark 1.2. In fact, to show the assumption of the theorem, we need only to check the case 
n < m. 

By Theorem ll.il we obtain immediately the followings. 

Corollary 1.3. Let k be an even integer, p a prime with p > 5. Let K — Q(-\/— T) (resp. 

(1) If / G Mj^'{U2{OK),Vk)Q satisfies that a/ I I _ I I G ^(p) foi' ^-^ "^j "; ^ ^it^i — 

m < (5fc + 8)/40, < n < (15A: + 4)/120, mn - N{a) > (resp. with < m < (5fc + 9)/45, 
< n < (lOfc + 3)/90, mn - N{a) > 0), then we have / € Mfc(V2(0/c), Vk)z^^y 



(2) If / e Mlf>{U2{OK),i^k)q satisfies that o/ 1 1 1 = for all to, n, a with < m < 

(5A: + 8)/40, < n < (16fc + 4)/120, mn - N{a) > (resp. with < to < (5fc + 9)/45, 
< n < (lOfc + 3)/90, mn - N{a) > 0), then we have / = 0. 

1.2 Well-definedness of p-adic weight 

Serre |15| defined the notion of p-adic modular forms and applied it to the construction of p-adic L 
functions. Some mathematicians have attempted to generalize the theory of Serre's p-adic modular 
forms to the case of several variables [31 [71 [TTl [T3]. In particular, Ichikawa [7] showed that the 
p-adic weight is well-defined for Siegel modular forms of general degree. The second aim of this 
paper is to show the well-definedness of the p-adic weight for Hermitian modular forms of degree 
2 over Qiy/^) and Q(v^). 

In the situation as subsection ll.il we have the following theorem. 

Theorem 1.4. Let k and k' be even integers andp a prime withp > 5. If / G Mjf '{1/2(0 k), ^fc)z(p) 
and g G M^,{U2{Ok), t^k')z, satisfy that / ^ mod p and f = g mod p\ then we have k = k' 
mod [p — l)p'~^. 

This theorem indicates that the p-adic weight of Hermitian modular forms is "well-defined" . 
We shall explain what the "well-defined" means. Let p be a prime, Vp the normalized additive 
valuation on Qp (i.e. Vp{p) = 1) and g = J2o<H£A2(K)^i^)'i^ ^^^ formal power series such 
that b{H) G Qp for all H. We call g a p-adic Hermitian modular forms of degree 2 if there 
exists a sequence of Hermitian modular forms {fm} of weight km with character i/^ (which are not 
necessarily symmetric) such that 

lim fm= g (p - adically), 

in other words, 

inf { Up (a/„(iJ) - b{H)) \0<He A2{K)} ^ 00 (m ^ 00). 

For simplicity, we consider only the case p > 5. We define a group X as X := limZ/(p — l)p'^^Z 
(= Zp X Z/(p — 1)Z). We find that Z C X by the natural imbedding. The following property 
follows from our theorem. 

Corollary 1.5. Let {/„ G M|j(C/2(Oi^), ^^^^Jq} and {/;, G M^f^V2(Oi^), '^fe;,)Q} be two se- 
quences of symmetric Hermitian modular forms of even weight. If both {fm} and {gm} converge 
p-adically to a same formal power series g, then there exist limits of the sequences {km} and {fc™} 
in X and we have 

lim km = lim fc^ in X. 



By this corollary, we can define a weight of the p-adic Hermitian modular form g satisfying 
g{^ Z) = g{Z), similarly to the case of elliptic modular forms. In particular, we see that the p-adic 
limit of Hermitian Eisenstein series of weight km depends only on the limiting value of km in X. 

2 Hermitian modular forms 

2.1 Definition and notation 

The Hermitian upper half-space of degree n is defined by 

H„ := {Z e M„(C) I i(Z - *Z) > } 

where *'Z is the transposed complex conjugate of Z. The space M„ contains the Siegel upper 
half-space of degree n 

§„ := H„ n 5ym„(C). 

Let K be an imaginary quadratic number field with discriminant cLk and ring of integers Ok- 
The Hermitian modular group [/n(C'ic) acts on H„ by the fractional transformation 

H„ 9 Z ^^ M < Z >:= (AZ + B){CZ + D)-\ M = ( ^ ^ j e Un{OK)- 

The subgroup SUn{OK) '■— C^ri(Cic) H SL2n{K) coincides with the full group Un{OK) unless 
(Ik = —3 or —4. Let v be an Abelian character on Un{OK)- We denote by Mk{Un{0 k) , t^) the 
space of Hermitian modular forms of weight k and character ly for Un{OK)- Namely, it consists of 
holomorphic functions / : E1I„ — > C satisfying 

f\kM{Z) := detiCZ + D)-''f{M < Z >) = u{M) ■ f{Z), 

for all M — I „ n ) '^ Un{OK)- The cusp form / € Mk{Un{OK),v) is characterized by the 
condition 

HI\kC'^ C/))-° for all C/eGL„(K) 



where $ is the Siegel i'-operator. A modular form / £ Mk{Un{OK),v) is called symmetric if 

4' 



fi^Z) = f{Z). We denote by Mf,^' {UniOK)^^^) the subspace consisting of symmetric modular 



forms. 

2.2 Fourier expansion 

If / e Mk{Un{OK), v) satisfies the condition 

f{Z + B)=f{Z) ioT all B e Her n{OK), 
then / has a Fourier expansion of the form 

fiZ) = J2 cif{H)e^^''''^"^^ 

0<HeA^(K) 

where 

An{K) := {H = (h,,) e Her^{K)\hu G Z, ^^h,, e Ok}- 



Put cj := i((i/c + ^/dii) and define the matrices Z — (zij) and Z = (zij) by 

Lj^Z-QZ ■■ Z-^Z 
Z := ^, Z := —. 

UJ — UJ CJ — CJ 

Tlien tlie above / can be considered as a function of the 2n{n — 1) complex variables z^ (i < j) 
in Z and of the ^n{n + 1) complex variables i^ {i < j) in Z. Moreover, / has period 1 for each of 
these variables. If we define 

Qij := exp(27rizy) {i < j), ijij ■- exp(27rizy) {i < j) 

then 

may be considered as an element of the formal power series ring 

C[(7±\g±l(l<j)]I'Zll,.-.,9nn]. 

Let i? be a subring of C We define 

Mk{Un{OK),iy)R 

■={f^Yl «/ W'?'' e Mk{Un{OK), v) I af{H) e i? for all H e A„(ii:)} 
and 

So we may consider the inclusion: 

Mk{Un{OK),v)R^R[qf Af{^< mill.- ■■ Ann}- 

3 Siegel modular forms 

In this section we introduce some results concerning Siegel modular forms which are needed in 
later sections. 

3.1 Definition and notation 

Let Mfc(r„) denote the space of Siegel modular forms of weight k (g Z) for the Siegel modular 
group r„ := Spn{Z) and S'fc(r„) the subspace of cusp forms. Any Siegel modular form f{Z) in 
Mj;(r„) has a Fourier expansion of the form 



f{Z)= > afiT) 



e 



0<TeA„ 

where 

A„ - SymliZ) := {T = {t,,) e ^ym„(Q) | tu, 2U, e Z } 

(the lattice in SymnO&) of half- integral, symmetric matrices). 
Taking qij := exp(27rizy) with Z = (zij) G H„, we write 

n 

n 4*"n9- 

l<2<j<n i—1 



Using this notation, we obtain the generalized q- expansion: 

o<tga„ ti y tij i<j J i=i 

G C[(?,^\gjj]|(jii,...,g„„]. 
For any subring R d C, we adopt the notation, 

Mfc(r„)fl := {/ = J2 «/(r)9^ I «/(^) e ^ (VT e A„) }, 

TeA„ 

5fc(r„)fl:=Affe(r„)fl,n5fc(r„). 

Any element / G Mfe(r„);j can be regarded as an element of 

3.2 Siegel modular forms of degree 2 

For any Siegel modular form 

there exists a formal power series correspondence, 

where a/ (T) denotes the reduction modulo p of a/ (T) . We define 

ClFp[%\'7jj][gil,---,'7nnl- 

Definition 3.1. The algebra 

M(r„)p := ^ A4(r„)p {resp. M^"HT,,)p := ^ Mfc(r„)p) 

fcGZ fce2Z 

is called i/ie algebra of Siegel modular forms mod p (resp. the algebra of Siegel modular forms mod 
p of even weight). 

The structure of M(r2)p was studied by Nagaoka [T^. Here we introduce the structure theorem 
of M(^)(r2)p for the cases p>5. 

We take the usual generators G4, Gq, Xiq and X12 of the graded ring of Siegl modular forms 
of even weight for r2. Here, Gk {k = 4, 6) is normalized by 00^(02) — 1 and Xt [k — 10, 12) is 

normalized by ax^ 1 ? I I = 1. As in ,12 , it is known that the graded ring over Z(p) of Siegl 

modular forms of even weight with p- integral Fourier coefficients for r2 is genrated by 6*4, Gg, A'lo 
and A'12. 

Theorem 3.2 (Nagaoka [H])- Assume that p > 5. There exists a Siegel modular form Fp^i e 
Mp_i(r2)z(p) such that 

Fp-i = 1 modp 

and one has 

where {A — 1) is a principal ideal generated by A — 1 and A £ Z/p\ [xi, X2, X3, X4] is defined by 

Fp-i = ^(^4, Gg, A^io, A^i2)- 



The following theorem is a generalization of Sturm's theorem in the case of Siegel modular 
forms of degree 2. 

Theorem 3.3 (Kikuta [5|). Let p be a prime with p > 5, k an even integer and T an arbitrary 

congruence subgroup of r2 . We put i ;= [r2 : F]. If/ G Mk{T)z, satisfies that a/ { ( r ^ ) ) = ^ 

mod p for all m, n, r with < to < (fci + 2)/10, <n < {3kt + l)/30 and mn - r2/4 > 0, then 
we have / = mod p. 

Remark 3.4. (1) In general, m, n, r are not integers. If F is a congruence subgroup of level N, 
then the above ( ^ 2)^3^^ element of 4? At. 
(2) In fact, we need only to check the case n < m. 

Ichikawa showed that Serre's p-adic weight is well defined in the case of Siegel modular 
forms. We introduce the result in the general degree case. 

Theorem 3.5 (Ichikawa [71). Let p be a prime with p>n + 3orp=l mod 4 and / € Mk{Tn)z, , 

g e Affc' (F„)z(p) . li f = g mod p' and / ^ mod p, then we have k = k' mod {p — l)p'^^ . 

4 Hermitian modular forms of degree 2 

In this section, we deal with Hermitian modular forms of degree 2. For more detail, we refer to 

mm- 

We consider the Hermitian Eisenstein series of degree 2 

Ek(Z):= Y. (detAf)*det(CZ + L')-^ Z € H2, 

where fc > 4 is even and M — [ c h) runs over a set of representatives of -^ I 02 * ) f \U2{Ok)- 
Then we have 

Ek e Mi'\U2{OK),det'^). 

Moreover £'4 G M^^^(t/2(Oj<:),det"^) is constructed by the Maass lift ([TIT). 
In the rest of this paper, we mainly deal with K = Q(\/^) or Q(\/^) and 

_fdGt'^'/2 for K = Q(v'^), 
"'' ^ jdet''' for K = Q{V^). 

We remark that Vk is a trivial character if ^0^\k. This fact follows from that there exists a 
unit e G O^ such that det Af — e'^ if M G U2{Ok)- The graded rings over C of these Hermitian 
modular forms are studied by Dern and Krieg [S] and [1]. 

Proposition 4.1 (cf. [1]). Let / G Mfc(C/2(Ci<:), I'fe)- There is the following relation between the 
Fourier coefficients: 



"' I))- E »/ S I 






mn-N(a)>0 



where Vf} is the inverse different V,} := -^7=. 



We define a lexicographical order for the different elements 

by 

ff > iJ' <^=^ (1) tr(i/) > tr(i7') or (2) tr(iJ) == tr(iJ'), to > to' 
or (3) tr(i/) = tr(i7'), m ^ m' , a > a' 
or (4) tT{H) = tT{H'), m^m', a ^ a' , b> b' . 

Let p be a prime and / e Mk{U2{OK), ^fe)z(p) • We define an order of / by 

ordp(/) = mm{H\af{H) ^ mod p}, 

where the "minimum" is defined in the sense of the order defined above. If / = mod p, then we 
define ordp(/) — oo. 

It is not difficult to see the following property. 

Lemma 4.2. One has 

ordp(/g) = ordp(/) + ordp(g). 

Proposition 4.3 (Kikuta-Nagaoka [5]). Let K = Q(-v/— 1) or Q(-\/— 3) and p be a prime with 
p > 5. Then there exists a Hermitian modular form Fp_i G Mp_-^{U2{Ok), t'p-i)z(p) such that 

Fp^i = 1 mod p. 

Theorem 4.4 (Kikuta-Nagaoka [9]). Let K = Q(\/— 1) and assume that p > 5. There exist cusp 
forms xs, -^lOj -^12 of respective weight 8, 10, 12 satisfying the following. 

(1) Ei, Eq, X8i ^10 and F12 are algebraically independent and 

Mk (C/2 (Ok ) , l^k )z^;; - Z(p) [i?4 , i?6 , X8 , i^io , i^l2] . 
0<feG2Z 

In other words, if / G Mjf {U2{OK),'^k)z,p^ {k : even), then there exists a unique polynomial 
P[xi,X2,x^,XA,xz) e Z(p)[a;i,a;2,X3,a;4,a;5] such that 

/ = P(S4,^6,X8,^10,i^l2). 

(2) S4IS2 = '-^4, -Eelss = Ce, X8|s2 = 0; -P'loiss — 6X10, -F12IS2 = -'^12- 

1 — 1 — t \ \ / 1 — 1 — i 



(3) 0x8 ( ( -1+, 2 j j = 1, namely ordp(x8) = ( -i+j ^ 

Theorem 4.5 (Kikuta-Nagaoka S"). Let iiT — Q(\/^) and assume that p > 5. There exist cusp 
forms Fio, -F12, X18 of respective weight 10, 12, 18 satisfying the following. 

(1) Ei, Eq, Fio, F12, X18 are algebraically independent and 

Mk{U2{OK),i^j.ri;;^ = Z^p^[E,,Ee,F,o,F,2,Xis]- 

0<ke2Z 

In other words, if / G ^j," (C^2(Cj<:), J^fc)z(p) (k : even), then there exists a unique polynomial 
P{xi,X2,X3,X4,X5) e Z(^p-)[xi,X2,X3,X4,X5] such that 

/ — P{E4,Eq,Fio,Fi2,X18)- 

(2) i?4|s2 — G4, -E6|s2 — '-'e, -F'io|s2 = 2X10, -F12IS2 — 2X12, Xi8|s2 = 0- 

(3) 0x18 _22_ ^ ) ) = 1' namely ordp(xi8) = ( 2) ^°^' ^°™° *' 
For explicit expressions of above generators, see [9]. 



5 Proofs 

In this section, we shall prove our theorems. However, since the proof is similar, we prove only the 

case K = Q{^/^). 

5.1 Proof of Theorem 11.11 

By Theorem 14.41 (1). we can write / in the form 

where P is a four variables polynomial over Z(p) and g e Ml_g{U2{0 k) , Vk~?,)i,,^-. ■ Restricting both 
sides to §2j we obtain /jg^ = P(G'4, 6*6,6X10,^12) because of Theorem 14.41 (2). Proposition 14.11 

implies that aj|g^ if j j = mod p for all m, n with < to < (5fc + 8)/40 and < 

n < (15fc + 4)/120. Note that (fc + 2)/10 < [bk + 8)/40 and (3fc + l)/30 < (15fc + 4)/120. 
By Theorem 13.31 we have f\s2 = P(G4, 6*6,6X10, X12) = mod p. By Theorem 13.21 we have 
P{xi,X2,Gx3,X4) e (A — 1). Since P is an isobaric polynomial and 6 G ^f )j "^g obtain P = 0. 

Accordingly F(_E4,_E6, ^10,^12) = mod p. Hence a^^g 11 j j = for all m, n with < 

TO < (5fc + 8)/40, < n < (15fc + 4)/120. 

Now we assume that the diagonal of ordp^gxs) si's to-q and hq: 

ord,(5X8)=(7 ^^ 
Note that mo > (5fc + 8)/40 and no > (15fc + 4)/120. By Lemma l4?2| we have 

TO-o — 1 * 



ordpfg) , _, 

Then we see that Too -1 > (5fc+8)/40-l= (5(fc-8)+8)/40andno-l > (15fc+4)/120-l = (15(fc- 

8)+4)/120. This means that Og ( ( ™ * j j = mod p for all to, n with < to< (5(fc-8) + 8)/40, 

< n < (15(fc — 8) + 4)/120. Using an inductive argument on the weight, we see that g = mod 
p. This completes the proof of Theorem 11.11 D 



Remark 5.1. This proof depends on the congruence criterion for Siegel modular forms of degree 
2. Accordingly, if it's criterion is more sharp, then our results would be more sharp. 

5 . 2 Proof of Theorem [TTH 

By Theorem 14.41 (1), we can write / and g in the forms 

f = PiiEi,Ee,Fio,Fi2)+Xsh, 9 = QiiEi,Ee,Fio,Fi2) + Xsgi (5.1) 

where Pi and Qi are polynomials of four variables over Z(j,) and /i G Mf,_g{U2{OK), ^k-&)z^p) and 

gi € M^,_^{U2{0)K,Vk' -%)-L^^y By restricting two equations in (|5.ip to §2 and Proposition 14. H 
we have 

Pi(G4,G6, 6X10, Xi2) = Qi(G4,G6, 6X10,^12) mod p'. 

If Pi(G4, Gg, 6X10,^12) ^ mod p, then we obtain k = k' mod {p— l)p'~^ by Theorem l3.51 Hence 
we take the largest number s < I such that Pi(G4, Gg, 6X10, X12) = Qi(G4, Gg, 6X40,^12) = 



modp". By Theoreni l3.2l we obtain Pi fxi . xo. Qx?.. xa) G (^—1). Since Pi is an isobaric polynomial, 
we have Pi = 0, namely Pi = mod p as a polynomial. We obtain also Pi = mod p* inductively. 
We set 

P'l := —-Pi, Q'l := — Qi e 'L(^p)[xi,X2,x-i,X4\. 

By the property of s, we have 

Pi'(G4,G6,6Xio,Xi2) = Q'i(G4,G6,6Xio,Xi2) nlodp'-^ 
Pi' (G4,G6, 6X10,^12)^0 mod p. 

By Theorem l3.51 we obtain k = k' mod (p— l)p'^''^^. Now we may assume that k = k' +p'-^^^^{p— 
l)a. Taking multiplication of Pp_i which is given in Proposition 14.31 we have 

Q'i(^4,^6,Pio,Pi2) = Q'i(^4,^6,Pio,Pi2)P;^r°"" mod p'-^ (5.2) 

By Theorem 14. 41 (1). we can write 

g'i(£;4,£;6,Pio,Pi2)P;.?i"'"" - Ri{Ei,Ee,Fw,Fi2)+X8hi, 

where Pi is a four variables polynomial over 'Ztp\ and h e Mk_g{U2{0)K,i^k-8)- Note that 

Pi{E4,Ee,Fio,Fi2), Pi(P4,P6,i^io,i^i2) + X8/11 e Ml'\U2{OK),'^kh^,y Since dE!]) and by using 
Theorem 14. 41 (2). we have 

Pi'(G4,G6, 6X10, Xi2) = Pi (G4,G6, 6X10,^12) mod p'-^ 

Since the weights of both sides are same, by using Theorem l3 . 2 I repeatedlv. we get P{{E4, Eq, Piq, P12) 
Ri{Ei,EQ,Fw,Fi2) modp'"". It follows that 

Pi{E4,Ee,Fin,Fi2)=p'Ri{E4,Ee,Fw,Fi2) = Qi(P4, Pe, ^10, ^12) - p'xs/ii modp'. 

By the assumption that f = g mod p' , we have 

Xsifi - hip") = xsffi modp'. 

Now we substitute /i — /iip** to /i. Since / ^ mod p, it must be that Xs/i ^ mod p. By 
Lemma 14.21 we see also that /i ^ mod p and /i = gi mod p' . We write again /i and gi in the 
forms 

/l = P2(p4,p6, ^10,-^12) + X8/2, 51 = Q2(p4,p6,-Pl0,-Pl2) + X852, 

where P2 and Q2 are polynomials of four variables over Z(p-), /2 £ M^_^Q{U2{OK),t^k-i6)z,p-i and 
52 e M^fl,g(f/2(Oic),i^fc'-i6)z(„- By Theorem [331 if P2(G4, Gg, 6X10,^12) ^ mod p, then we 
obtain fc — 8 = k' — 8 mod (p — l)p^~^ , namely k ^ k' mod {p— l)p'~^. If otherwise, by continuing 
the above argument repeatedly, we find a natural number t such that gt\s2 ^ mod p. In fact, 
it suffices to continue until t satisfying < k' — 8t < 8. Applying Theorem 13.51 to ft and gt, we 
obtain that k — 8t = k' — 8t mod {p — l)p'^^, namely k = k' mod (p — l)p'^^. This completes the 
proof of Theorem 11.41 D 
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